Abstract{ The mode matching method is applied to di erent waveguide geometries, and a recursive scheme is de ned to use the appropriate number of modes in each section of the waveguide. Numerical simulations for di erent types of applications are given and show very good results.
I. INTRODUCTION
A general algorithm has been developed to solve the multiple waveguide junction problem for any arbitrarily shaped hollow waveguide, using the mode matching method in a symbolic matrix formulation. This method is very popular and has already been used in 1], 5], or 6]. Other methods are known for solving the waveguide discontinuity problem: the multimode network representation 2], the nite element method 3], the scattering matrix representation 4], or the recurrence modal analysis 8].
The mode matching method requires that the electric and magnetic elds inside a waveguide be expressed in terms of an in nite sum of its eigenmodes. After having derived such expressions in each waveguide, one applies the boundary conditions at the junction of two di erent waveguides to match the elds. Hence, one can derive two matrix equations where the re ection and transmission operators are the unknowns, and then solve for them. In the case of a multiple waveguide junction problem, these operators will be derived at each junction, and general operators will be de ned for the entire structure.
The problem of the accuracy in the results is mainly due to the order of truncation of the in nite expansion needed for the elds. We de ne a condition on the number of modes in each section of the waveguide that gives good precision in the recursive process, whose accurate results are shown using numerical simulations.
II. THE MODE MATCHING METHOD THEORY
We present the basic formulations of the mode matching method in the general case of an arbitrarily shaped hollow waveguide. We will rst recall the expressions obtained in the case of a single junction, as they can be found in 9], and then derive from the equations the expressions of the complete structure's re ection and transmission operators for a double junction and multiple waveguide junctions.
Single waveguide Junction
The elds have to be expanded in terms of the eigenmodes of the waveguide. For the z-component, they can be written as 
Multiple Waveguide Junction
By analogy with the double waveguide junction problem, the following expressions for the eld in waveguide j, the generalized re ection operator E js = t j (r s ) (e i K j z + e ?i K j (z?h j ) f R j;j+1 e i K j h j ) A j (15) f R j;j+1 = R j;j+1 + T j+1;j e i K j+1 ( 
With these recursive equations, an algorithm which nds the expression of the eld everywhere in the waveguide, and the generalized re ection and transmission operators of any structure composed of arbitrarily shaped waveguides, can be implemented. The re ection and transmission operators of the entire set of discontinuities are de ned by the following
The expressions of the re ection and the transmission operators have been derived, with no loss of generality; we just considered a series of circular hollow waveguides. The only problem is that the mode matching method requires in theory an in nite series expansion of the elds. In the numerical implementation, we will have to truncate the expansion of the elds; the choice of the number of modes is very di cult. One solution is to determine numerically, by trial-and-error, the minimum number of modes needed in the three expansions ( 1 , 2 , and a ). But there are also methods in the literature that give conditions on these numbers. Therefore, a recursive scheme can be deduced to nd them; in fact, it would have been impossible to do it numerically in the case of a multiple waveguide junction.
III. OPTIMIZATION OF THE TRUNCATION PROBLEM
The main problem of the mode matching method is the determination of the number of modes necessary to obtain an accurate result. It can be shown by integral equation formulation 10], if N is large enough, that the following relations have to be satis ed:
where P i is the number of modes in region i, N is the number of modes on the diaphragm, d i is the size of waveguide i, and d a is the size of the diaphragm.
In the case of a rectangular waveguide, we de ned P x;i , P y;i , N x and N y as the number of modes in the x-or y-directions. In each direction, Equation Equations (22) and (23) are similar to Equation (21), but are applied to each dimension of the waveguide section, because these dimensions (x and y for the rectangular case, and in the circular case) are independent of each other in the basis expansion. The process is repeated for each new junction, using the preceding values.
IV. NUMERICAL RESULTS
This section shows numerical results in comparison to those found in the literature. We will consider complex geometries with ten or more discontinuities. They show the capability of the waveguide junction modeling theory and its applications.
The circular waveguide lter example has been taken from 5], and our results show very good agreement. The geometry of the structure (see Figures  2 and 3) is such that the waveguide operates as a lter for a certain range of frequencies, that are only determined by the geometry of the waveguides, as shown on Figure 4 . The case of the corrugated waveguide polarizer has been checked with 6] and 7] and shows good agreement. The symmetric geometry is given in Figure 5 , where d(z) is known as the pro le function and de nes the slot depth of the discontinuities. The example analyzed here uses a linear pro le function, which enables us to obtain the slot depths de ned in Table 1a . We consider 30 discontinuities for di erent dominant modes in three di erent cases. The rst case is for a square waveguide geometry, which means that the geometry is the same in the x-and y-directions, and the results are shown on Figure 6 , where the gain is de ned by G dB = 20logR. For the results of Figure   7 , we considered a rectangular waveguide geometry, which means that in the y-direction, the size of the waveguide is constant. Finally we used a circular geometry, whose results are shown in Figure 8 . One of the properties of this kind of waveguide structure is that the di erential phase shift between two similar modes (TE 01 and TE 11 for instance) is continuous as a function of the frequency as shown on Figure 9 , where the horizontal lines show the 90 o ( 2 o ) phase shift area.
Three low-pass lters are nally considered and show good agreement with 1]. The rst waveguide lter considered is rectangular. Its geometry is given in Figure 10 . The example analyzed here is an array of capacitive step that becomes a low-pass lter device. The structure has 28 discontinuities; their lengths are presented in Table 1b . From Figure 11 , we can see that the structure is acting as a low-pass lter for the TE 10 mode. Ten new elements are added to the structure, as shown in Figure 12 . The result is given in Figure 13 , where it can be seen that the second structure has a slightly higher cut-o frequency. Finally, the simpler structure of Figure 14 , with circular waveguide elements, gives the results shown in Figures 15 and 16 . We also show the phase of the re ection coe cient of some modes in Figure 17 . On the range of frequency 8.0 GHz, 13.0 GHz], the structure behaves as a phase shifter for most of the modes. 
, where M is the number of discontinuities. For each iteration, we have to compute four dense re ection and transmission matrices, which require one matrix inversion and four multiplications. We are presently working on the improvement of the storage and the computation of the matrices, and expect to reduce the complexity to O(MN 2 ). 
